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D license.1. Introduction
The notion of an n-ary group was introduced by Do¨rnte [1], as
a natural generalization of group. One can ﬁnd the basic re-
sults on n-ary groups in Post [2]. The notion of n-ary hyper-
group was ﬁrst introduced by Davvaz and Vougiouklis [3] as
a generalization of n-ary group, and studied mainly by many
authors, for example see [4,5]. Let H be a non-empty set and
h be a mapping h: H · Hﬁ }*(H), where }*(H) is the set of
all non-empty subsets of H. Then, h is called a binary hyperop-
eration on H. We denote by Hn the cartesian product
H ·    · H, where H appears n times and an element of Hn
will be denoted by (x1, . . ., xn), where xi 2 H for any i with1 6 i 6 n. In general, a mapping h: Hnﬁ }*(H) is called an
n-ary hyperoperation and n is called the arity of the hyperoper-
ation. Let h be an n-ary hyperoperation onH and A1, . . ., An be
non-empty subsets of H. We deﬁne h(A1, . . ., An) = [ {h(x1,
. . ., xn)Œxi 2 Ai, i= 1, . . ., n}. We shall use the following abbre-
viated notation: the sequence xi, xi+1, . . ., xj will be denoted by
xji. Also, for every a 2 H, we write hða; . . . ; aÞ ¼ h ðnÞa
 
and
for j < i; xji is the empty set. In this convention, h(x1, . . ., xi,
yi+1, . . ., yj, xj+1, . . ., xn) will be written h x
i
1; y
j
iþ1; x
n
jþ1
 
. If
h is an n-ary groupoid and t= l(n  1) + 1, then the t-ary
hyperoperation h(l) given by
hðlÞ x
lðn1Þþ1
1
 
¼ h h . . . ; h h xn1
 
; x2n1nþ1
 
; . . .
 
; x
lðn1Þþ1
ðl1Þðn1Þþ2
 
is denoted by h(l). A non-empty set H with an n-ary hyperop-
eration h: Hnﬁ P*(H) is called an n-ary hypergroupoid and is
denoted by (H, h). An n-ary hypergroupoid (H, h) is an n-
ary semihypergroup if the following associative axiom holds:
h xi11 ; h x
nþi1
i
 
; x2n1nþi
  ¼ h xj11 ; hðxnþj1j Þ; x2n1nþj 
for every i, j 2 {1, 2, . . ., n} and x1, x2, . . ., x2n1 2 H.icense.
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every r 2 Sn, we have hðxn1Þ ¼ h x
rðnÞ
rð1Þ
 
. An n-ary semihyper-
group (H, h), in which the equation b 2 hðai11 ; xi; aniþ1Þ has
the solution xi 2 H for every a1, . . ., ai1, ai+1, . . ., an, b 2 H
and 1 6 i 6 n, is called an n- ary hypergroup. Furthermore,
(m, n)-rings have been introduced by Crombez [6] and then
investigated by Crombez and Timm [7], Dudek [8], Iancu [9].
Recently, the notion of (m, n)-hyperrings has been deﬁned by
Mirvakili and Davvaz [10] obtaining (m, n)-rings from
(m, n)-hyperrings by fundamental relations. Also, the
principal notions of hyperstructure theory can be found in
[11,12].
Deﬁnition 1.1. Let R be a non-empty set, f be an m-ary
hyperoperation on R and g be an n-ary hyperoperation on R.
An (m, n)-hyperring is an algebraic hyperstructure (R, f, g),
which satisﬁes the following axioms:
(1) (R, f) is an m-ary hypergroup,
(2) (R, g) is an n-ary semihypergroup,
(3) the n-ary hyperoperation g is distributive with respect to
the m-ary hyperoperation f, i.e.,
g ai11 ; f x
m
1
 
; aniþ1
  ¼ f g ai11 ; x1; aniþ1 ; . . . ; g ai11 ; xm; aniþ1  ;
for every ai11 ; a
n
iþ1; x
m
1 2 R; 1 6 i 6 n.
(R, f, g) is called a commutative (m, n)-hyperring if (R, f)
and (R, g) are commutative. A construction of an (m, n)-hyp-
erring (R, f, g) of a hyperring (R, +, Æ) was presented by Mir-
vakili and Davvaz [10] as follows:
Example 1. Let (R, +, Æ) be a hyperring. Let f be an m-ary
hyperoperation and g be an n-ary operation (clearly, any n-ary
operation is an n-ary hyperoperation) on R as follows:
f xm1
  ¼Xm
i¼1
xi; 8xm1 2 R;
gðxn1Þ ¼
Yn
i¼1
xi; 8xn1 2 R:
Then, (R, f, g) is an (m, n)-hyperring and denoted by (R, f,
g) = der(m, n)(R, +, Æ).2. (m, n)-hypermodules
In [13], Anvariyeh et al. introduced the class of (m, n)-hyper-
modules over (m, n)-hyperrings. They deﬁned the fundamental
relation e* on (m, n)-hypermodules. In [14], Anvariyeh and
Mirvakili considered a special kind of (m, n)-hypermodules,
called canonical (m, n)-hypermodule, and a special kind of
(m, n)-hyperrings, called Krasner (m, n)-hyperring [10]. Then,
in [15], Belali et al. deﬁned the class of free and cyclic canonical
(m, n)-hypermodules over Krasner (m, n)-hyperrings. In this
section, we recall the deﬁnition of (m, n)-hypermodules [13].
Deﬁnition 2.1. Let M be a non-empty set. Then, M= (M, h,
k) is an (m, n)-hypermodule over an (m, n)-hyperring R, if (M,
h) is an m-ary hypergroup and the mapk : R . . . R|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
n1
M! }ðMÞ
satisﬁes the following conditions:
(1) k rn11 ; h x
m
1
   ¼ h k rn11 ; x1 ; . . . ; k rn11 ; xm  ,
(2) k ri11 ; f ðsm1 Þ; rn1iþ1 ; x
  ¼ h kðri11 ; s1; rn1iþ1 ; xÞ; . . . ; k ri11 ;
sm; rn1iþ1 ; xÞÞ,
(3) k ri11 ; g r
iþn1
i
 
; rnþm2iþm ; x
  ¼ k rn11 ; k rnþm2m ; x  .
If k is a scalar n-ary hyperoperation, S1, . . ., Sn1 are non-
empty subsets of R and M1 ˝M, we set k(S1, . . ., Sn1,
M1) = [ {k(r1, . . ., rn1, x)Œ ri 2 Si, i= 1, . . ., n  1, x 2M1}.
An (m, n)-hypermoduleM is an R-hypermodule, if m= n= 2.
Example 2. Let M= {0,1,2} and ðR; f; gÞ ¼ derð3;2ÞðZ;þ; Þ
(see Example 1). We deﬁne the commutative hyperoperation
h and hyperoperation k as follows:
hð0; 0; 0Þ ¼ hð0; 0; 2Þ ¼ hð0; 2; 2Þ ¼ hð2; 2; 2Þ ¼ f0; 2g;
hð0; 0; 1Þ ¼ hð0; 2; 1Þ ¼ hð2; 2; 1Þ ¼ f1g;
hð0; 1; 1Þ ¼ hð2; 1; 1Þ ¼ f0; 2g;
hð1; 1; 1Þ ¼ f1g;
and k: R ·Mﬁ }*(M),
kðr; xÞ ¼ f0; 2g if r 2 2Z or x 2 f0; 2g;f1g otherwise:
	
Then, (M, h, k) is an (3, 2)-ary hypermodule over (3, 2)-ary
hyperring (R, f, g).
Example 3. Let R be a hyperring andM be an R-hypermodule.
Then, R with m-ary hyperoperation f rm1
  ¼Pmi¼1ri, and n-ary
hyperoperation g rn1
  ¼Qni¼1ri, is an (m, n)-hyperring. Also,M
with hyperoperation h with h xm1
  ¼Pmi¼1xi, where xi 2M, is
an m-hypergroup. Now, we deﬁne the scalar n-ary hyperoper-
ation k by
kðr1; . . . ; rn1; xÞ :¼
Yn
i¼1
ri
 !
 x:
Then, M is an (m, n)-hypermodule over (m, n)-hyperring R.
Example 4. Let (R, +, Æ) be a hyperring and (M, +) be an R-
hypermodule. If N is a subhypermodule of M, then set:
h xm1
  ¼Xm
i¼1
xi þN; 8xm1 2M;
f rm1
  ¼Xm
i¼1
ri; 8rm1 2 R;
gðxn1Þ ¼
Yn
i¼1
ri; 8rn1 2 R;
kðrn11 ; xÞ ¼
Xn1
i¼1
ri
 !
 xþN; 8rn11 2 R; 8x 2M:
Then, (M, h, k) is an (m, n)-hypermodule over (m, n)-hyperring
(R, f, g).
Commutative fundamental (m, n)-modules 169Example 5. Let (H, Æ) be a commutative almost group (i.e., a
semigroup H= H* [ {0}, where (H*, Æ) is a group and 0 a
two side absorbing element). Now, if g xn1
  ¼Qni¼1xi, then
(H, g) is an n-ary group. For every xk1 2 H, we deﬁne an m-
ary hyperoperation f on H as follows:
f xk1;
ðm kÞ
0
 
¼
0 k ¼ 0;[k
i¼1
fxig j
[k
i¼1
xij ¼ k;
H fx1g k ¼ 2; j
[k
i¼1
xij ¼ 1;
H kP 3; j
[k
i¼1
xij < k;
8>>>>>>><
>>>>>>>:
f is a commutative hyperoperation and 0 is a scalar identity
and f
ðmÞ
0
 
¼ 0. Then, the hyperstructure (H, f, g) is an (m,
n)-hyperring and therefore (H, f, g) is an (m, n)-hypermodule
over the (m, n)-hyperring (H, f, g).
Leoreanu-Fotea and Corsini proved the following theorem
in [16].
Theorem 2.2. Let (H, f) be an n-ary semihypergroup (n-ary
hypergroup) and e be a scalar neutral element of H. For all x,
y 2 H, we deﬁne: x  y :¼ f x; y; ðm 1Þ
e
 
. Then, (H, *) is a
semihypergroup (hypergroup).
Theorem 2.3. Let (M, h, k) over R be an (m, n)-hypermodule
such that h and f have zero scalar elements 0R and 0M, also 1R be
identity of g, such that:
h
ði1Þ
0M
;x;
ðm iÞ
0M
 !
¼ x; 8x2M
f
ði1Þ
0R
;r;
ðm iÞ
0R
 !
¼ r; 8r2R
g
ði1Þ
1R
;r;
ðn iÞ
1R
 !
¼ r; 8r2R
k
ðn1Þ
1
;x
 !
¼ x; 8x2M:
Now, suppose that
xþy :¼ h x;y; ðm2Þ
0M
 
; 8x;y2M
rþ s :¼ f r;s; ðm2Þ
0R
 
; 8r;s2R
r : s¼ g r;s; ðn2Þ
1R
 
; 8r;s2R
rx :¼ k ðn2Þ
1R
;r;x
 
; 8r2R and x2M:
Then, (M, +, ) is a hypermodule with zero element 0M over the
hyperring (R, +, Æ) with zero scalar 0R and identity scalar 1R.
Also,
derðm;nÞðM;þ; Þ ¼ ðM; f; kÞ and derðm;nÞðR;þ; Þ ¼ ðR; f; gÞ:Proof. By Theorem 2.2, it is not difﬁcult to see that (M, +) is
a hypergroup, (R, +, Æ) is a hyperring andM is a hypermodule
over the hyperring R. h
Lemma 2.4. Let (M, h, k) be an (m, n)-hypermodule over an
(m, n)-hyperring R. Then, N is an (m, n)-subhypermodule M
over the (m, n)-hyperring R if and only if the following condi-
tions hold:
(1) The equation b 2 h ai11 ; xi; amiþ1
 
is solvable at the place
i = 1 and i = m or at least one place 1< i< m, for
every a1, . . ., ai1, ai+1, . . ., am, b 2 N.
(2) For any r1, r2, . . ., rn1 2 R and y 2 N imply that k(r1, r2,
. . ., rn1, y) ˝ N.
Proof. N is an m-ary hypergroup by Theorem 2.3 of [3]. Since
k is a closed scalar n-ary hyperoperation on N, then N is an (m,
n)-subhypermodule on (m, n)-hyperring R. h
Deﬁnition 2.5. Let (M1, h1, k1) and (M2, h2, k2) be two (m, n)-
hypermodules over an (m, n)-hyperring R. A homomorphism
from M1 to M2 is a mapping /: M1ﬁM2 such that
(1) /(h1(a1, . . ., am)) = h2(/(a1), . . ., /(am)),
(2) /(k(r1, . . ., rn1, a)) = k(r1, . . ., rn1, /(a)),
for all am1 2 M1; a 2 M and rn11 2 R.
Lemma 2.6. Let (M1, h1, k1) and (M2, h2, k2) be two (m, n)-
hypermodule over an (m, n)-hyperring R and /: M1ﬁM2 a
homomorphism. Then,
(1) If S is an (m, n)-subhypermodule of M1 over an (m, n)-
hyperring R, then /(S) is an (m, n)-subhypermodule of
M2.
(2) If K is an (m, n)-subhypermodule of M2 over an (m, n)-
hyperring R, such that /1(K) „ ;, then /1(K) is an
(m, n)-subhypermodule of M1.
Proof.
(1) We know /(S) is an m-ary subhypergroup ofM2. Let r1,
r2, . . ., rn1 2 R and y 2 /(S). Then, there exists x 2 S
such that /(x) = y. Hence, k(r1, . . ., rn1, y) = k(r1,
. . ., rn1, /(x)) = /(r1, . . ., rn1, x) 2 /(S).
(2) The proof of this part is similar to (1). h
Let (M, h, k) be an (m, n)-hypermodule over an (m, n)-hyp-
erring R. An equivalence relation q onM is called compatible if
a1 q b1, . . ., am q bm, then for all a 2 h(a1, . . ., am) there exists
b 2 h(b1, . . ., bm) such that aqb, and if r1, . . ., rn1 2 R, and
xqy, then for all a 2 k(r1, . . ., rn1, x) there exists b 2 k(r1,
. . ., rn1, y) such that aqb.
Let (M, h, k) be an (m, n)-hypermodule over an (m, n)-hyp-
erring R and q be an equivalence relation on M. Then, q is a
strongly compatible relation if aiqbi for all 1 6 i 6 m, then
hða1; . . . amÞ qhðb1; . . . ; bmÞ, and for every r1, . . ., rn1 2 R and
xqy, then kðr1; . . . ; rn1; xÞ q kðr1; . . . ; rn1; yÞ. Now, we recall
the following theorem from [3].
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equivalence relation on H. Then, the relation q is strongly
compatible if and only if the quotient (H/q, f/q) is an m-ary
group.
Now, we introduce the strong compatible relation C on an
(m, n)-hyperring R.
Deﬁnition 2.8. Let (R, f, g) be an (m, n)-hyperring. For every
k 2 N and ls1 2 N, when s= k(m  1) + 1, we deﬁne the
relation Ck;ls1 , as follows: x Ck;ls1 y if and only if there exist
xitii1 2 R, where ti = li(n  1) + 1, i= 1, . . ., s such that {x,
y} ˝ f(k)(u1, . . ., us), where for every i= 1, . . ., s, ui ¼ gðliÞ xitii1
 
.
Now, set Ck ¼
S
ls12NCk;l
s
1
and C ¼ Sk2NCk. Then, the
relation C is reﬂexive and symmetric. Let C* be the transitive
closure of the relation C.
Deﬁnition 2.9. Let (R, f, g) be an (m, n)-hyperring. For every
k 2 N and ls1 2 N, when s= k(m  1) + 1, we deﬁne the rela-
tion ak;ls
1
, as follows: x ak;ls
1
y if and only if there exist
xitii1 2 R; r 2 Sn and ri 2 Sti , where ti = li(n  1) + 1, i= 1,
. . ., s such that x 2 f(k)(u1, . . ., us) and y 2 fðkÞðu0rð1Þ; . . . ; u0rðsÞÞ,
where for every i= 1, . . ., s, ui ¼ gðliÞðxitii1 Þ and u0i ¼ gðliÞðxiriðtiÞirið1Þ Þ.
Now, set ak ¼
S
ls12Nak;l
s
1
and a ¼ Sk2Nak. Then, the
relation a is reﬂexive and symmetric. Let a* be the transitive
closure of relation a.
Theorem 2.10. [10]. The relation C* is a strongly compatible
relation on both m-ary hypergroup (R, f) and n-ary semihyper-
group (R, g) and the quotient (R/C*, f/C*, g/C*) is an (m, n)-
ring.
Similar to the proof of Theorem 2.10, we have:
Theorem 2.11. The relation a* is a strongly compatible relation
on both m-ary hypergroup (R, f) and n-ary semihypergroup (R,
g) and the quotient (R/a*, f/a*, g/a*) is a commutative (m, n)-
ring.
Theorem 2.12. [13] Let (M, h, k) be an (m, n)-hypermodule
over an (m, n)-hyperring R and q be an equivalence relation
on M. The following conditions are equivalent.
(1) The relation q is strongly compatible.
(2) If r1, . . ., rn1 2 R, xm1 ; a; b 2 M and aqb, then for every
(i = 1, . . ., m), we have h xi11 ; a; x
m
iþ1
 
q hðxi11 ; b; xmiþ1Þ
and kðr1; . . . ; rn1; aÞ q kðr1; . . . ; rn1; bÞ.
(3) The quotient (M/q, h/q, k/q) is an (m, n)-module over
an (m, n)-hyperring R. In other words, M is an
m-ary group and the scalar n-ary hyperoperation k is
singleton.
Theorem 2.13 [13]. Let (M, h, k) be an (m, n)-hypermodule
over (m, n)-hyperring (R, f, g) and d be a strongly compatible
relation on f and g. Let q be a strongly compatible relation on h
such that q k rn11 ; xi
   ¼ kðdðr1Þ; . . . ; dðrn1Þ; qðxiÞÞ. Then,
(M/q, h/q, k/q) is an (m, n)-module on (m, n)-ring (R/d, f/
d, g/d).3. Fundamental and commutative fundamental (m, n)-modules
Fundamental relations have an important role in the multial-
gebra [17]. In [13], Anvariyeh et al. deﬁned the fundamental
relation e* on an (m, n)-hypermodule (M, h, k) such that (M/
e*, h/e*, k/e*) is the smallest (m, n)-module over the (m, n)-ring
(R/C*, f/C*, g/C*).
In this section, we deﬁne the fundamental relation h* on an
(m, n)-hypermodule (M, h, k) such that (M/e*, h/e*, k/e*) is the
smallest commutative (m, n)-module over the (m, n)-ring (R/C*,
f/C*, g/C*).
Let R be a hyperring and M be a hypermodule over R. We
recall the deﬁnition of relation e on M as follows [20]:
xy() x; y 2
Xn
i¼1
m0i; m
0
i ¼ mi or m0i ¼
Xni
j¼1
Ykij
k¼1
xijk
 !
zi;
mi 2M; xijk 2 R; zi 2M:
The equivalence relation e* (the transitive closure of e) was
ﬁrst introduced by Vougiouklis on hyperrings and studied
mainly by many authors concerning hypermodules. Now, we
recall the deﬁnition of relation h on M as follows [18]:
xhy() 9n 2 N, $(m1, . . ., mn) 2Mn, 9ðk1; k2; . . . ; knÞ
2 Nn; 9r 2 Sn; 9ðxi1; xi2; . . . ; xikÞ 2 Rki , 9ri 2 Sni ; 9rij 2 Skij ,
such that
x 2
Xn
i¼1
m0i; m
0
i ¼ mi or m0i ¼
Xni
j¼1
Ykij
k¼1
xijk
 !
mi
and y 2Pni¼1m0rðiÞ, where
m0rðiÞ ¼ mrðiÞ if m0i ¼ mi;
m0rðiÞ ¼ BrðiÞmrðiÞ if m0i ¼
Xni
j¼1
Ykij
k¼1
xijk
 !
mi;
with
Bi ¼
X
j¼1
niAiriðjÞ; Aij ¼
Ykij
k¼1
xijrijðkÞ:
The relation h is reﬂexive and symmetric. We denote h* the
transitive closure of h.
Remark 1. If M is a hypermodule over a hyperring R, the
fundamental relation e* on M, deﬁned as the smallest
equivalence relation such that the quotient M/e* is a module
over the corresponding fundamental ring such that M/e* as a
group, is not abelian [18–20]. But the quotient M/h* is a
module over the corresponding fundamental ring such thatM/
h* is an abelian group.
Let M be an (m, n)-hypermodule over an (m, n)-hyperring
R. We deﬁne relations eand h on M.
Deﬁnition 3.1. LetM be an (m, n)-hypermodule over an (m, n)-
hyperring R. Let x, y 2M. Then, x h y if and only if there exist
a; bij; cijk 2 N, xi 2M and xijkl 2 R, r 2 Sr; ri 2 Sn1,
rij 2 Ssij and rijk 2 Stijk where 1 6 i 6 r= a(m  1) + 1,
1 6 j 6 n  1, 1 6 k 6 sij = bij(m  1) + 1 and 1 6 l 6 tijk =
cijk(n  1) + 1 such that
x 2 hðaÞðu1; . . . ; urÞ and y 2 hðaÞðu0rð1Þ; . . . ; u0rðrÞÞ;
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in1
i1 ; xi
 
, with
Aij ¼ fðbijÞðBijsijij1 Þ and Bijk ¼ gðcijkÞ x
ijktijk
ijk1
 
and
u0i ¼
mi if ui ¼ mi
kðA0iriðn1Þirið1Þ ; xiÞ if ui ¼ kðAin1i1 ; xiÞ;
(
where
A0ij ¼ fðbijÞðB0ijrijðsijÞijrijð1Þ Þ with B0ijk ¼ gðcijkÞ x
ijkrijkðtijkÞ
ijkrijkð1Þ
 
:
We say that x e y if in Deﬁnition 3.1, r ¼ idSr ; ri ¼ idSn1 ,
rij ¼ idSsij and rijk ¼ idStijk . Relations h and e are reﬂexive
and symmetric. Let h* and e* be their transitive closure,
respectively.
Theorem 3.2. The relation h* is a strongly compatible relation
on M, as (m, n)-hypermodule, on both m-ary hyperoperation h
and scalar n-ary hyperoperation k.
Proof. Let a1 h
* b1, . . ., am h
* bm. Then, h
*(a1) = h
*(b1), . . .,
h*(am) = h
*(bm). For every a 2 h(a1, . . ., am) and b 2 h(b1, . . .,
bm), we have
hðaÞ ¼ hðhða1; . . . ; amÞÞ ¼ h=hðhða1Þ; . . . ; hðamÞÞ
¼ h=hðhðb1Þ; . . . ; hðbmÞÞ ¼ hðhðb1; . . . ; bmÞÞ ¼ hðbÞ:
Now, let r1, . . ., rn1 2 R, a1, b1 2M and a1h*b1. Then, for
every a 2 k(r1, . . ., rn1, a1) and b 2 k(r1, . . ., rn1, b1), we have
hðaÞ ¼ hðkðr1; . . . ; rn1; a1ÞÞ ¼ k=hðr1; . . . ; rn1; hða1ÞÞ
¼ k=hkðr1; . . . ; rn1; hðb1ÞÞ ¼ hðbÞ: 
Theorem 3.3. Let (M, h, k) be an (m, n)-hypermodule over the
(m, n)-hyperring R. Then, the quotient (M/h*, h/h*, k/h*) is an
(m, n)-hypermodule over an (m, n)-hyperring R, where
h=hðhða1Þ; . . . ; hðamÞÞ :¼ fhðaÞja 2 hða1; . . . ; amÞg
¼ hðhðam1 ÞÞ
and
k=hðr1; . . . ; rn1; hðaÞÞ :¼ fhðxÞjx 2 kðr1; . . . ; rn1; aÞg
¼ hðkðrn11 ; aÞÞ:
Moreover, (M/h*, h/h*) is an abelian group and for every r1, . . .,
rn1 2 R, x 2M and s 2 Sn1 we have k/h*(r1, . . ., rn1,
h*(a)) = k/h*(rs(1), . . ., rs(n1), h
*(a)).
Proof. h*is a strongly compatible relation on M by Theorem
3.2. Now, by Theorem 2.12 and deﬁnition of relation h, the
proof is completed. h
Example 6. Let (R, f, g) be a non-commutative (m, n)-ring.
Then, (R, f, g) is an (m, n)-module over the (m, n)-ring (R, f,
g). It easy to see that e* = C* = {(x, x)Œx 2 R} „ h* = a*.
Example 7. Let (G, f) be a non-commutative m-ary group and
a 2 G. Let H be a non-empty set such that H \ G= ;. Let fH
be an m-ary hyperoperation deﬁne on G [ H as follows:fH x
m
1
  ¼ f ym1  if f ym1 –afag [H if f ym1  ¼ a
(
for all xm1 2 G [H;
where yi = xi if xi 2 G and yi = a if xi 2 H. Then,
(R= G [ H, fH) is an m-ary hypergroup. Now, we deﬁne an
n-ary hyperoperation gH as follows:
gHðxn1Þ ¼ fag [H; for all xn1 2 R:
It is not difﬁcult to see that (R, fH, gH) is an (m, n)-hyperring.
Let M= R, h= fG and k= gH, then (M, h, k) is an (m, n)-
hypermodule over the (m, n)-hyperring R and
fðx; xÞjx 2Mg– ¼ C–h ¼ a:
We consider the natural map p: MﬁM/h*, where
p(x) = h*(x).
Theorem 3.4. [13]Let (M1, h1, k1) and (M2, h2, k2) be two (m,
n)-hypermodules over an (m, n)-hyperring R, and let /:
M1ﬁM2 be a homomorphism. Then, there exists a compatible
relation q on M1 and a homomorphism w: M1/qﬁM2 such that
wp= /.
Theorem 3.5. [13]Let q and # be compatible relations on (m, n)-
hypermodule (M, h, k) over an (m, n)-hyperring R, such that
q ˝ #. Then, there exists a compatible relation l on (M/q, h/
q, k/q) such that (M/q)/l is isomorphic to M/#, as (m, n)-
hypermodules.
Let (M1, h1, k1) and (M2, h2, k2) be two (m, n)-hypermod-
ules over an (m, n)-hyperring R. Deﬁne the direct hyperprod-
uct (M1 ·M2, h1 · h2, k1 · k2) to be the (m, n)-hypermodule
whose universe is the set M1 ·M2 and such that for
ai 2Mi; a0i 2M2; 1 6 i 6 m,
ðh1  h2Þ a1; a01
 
; . . . ; am; a
0
m
  
¼ ða; a0Þja 2 h1ða1; . . . ; amÞ; a0 2 h2 a01; . . . ; a0m
 
 
;
and
ðk1  k2Þðr1; . . . ; rn1; ðx; x0ÞÞ ¼ fða; a0Þja 2 k1ðr1; . . . ; rn1; xÞ;
a0 2 k2ðr1; . . . ; rn1; x0Þg:
The mapping pi:M1 ·M2ﬁMi, i= 1, 2, deﬁned by pi((a1,
a2)) = ai, is called the projection map on the ith coordinate of
M1 ·M2, also the mapping pi: M1 ·M2ﬁMi is an onto
homomorphism.
If (M, h, k) is an (m, n)-hypermodule, then h^ denoted the
transitive closure of the relation h= ¨ pP0hp, where h0 is the
diagonal, i.e., h0 = {(x, x)Œx 2M} and for every integer
pP 1, hp is the relation deﬁned as follows:
xhpy if and only if x 2 hðpÞður1Þ; y 2 hðpÞðu0rð1ÞrðrÞ Þ; with
r ¼ hðm 1Þ þ 1;
where ui and u
0
i are deﬁned in Deﬁnition 3.1. If xh0y (i.e.,
x= y) then, we write {x, y} ˝ u(0). We deﬁne h* as the smallest
equivalence relation such that the quotient (M/h*, h/h*, k/h*) is
an (m, n)-module over an (m, n)-hyperring R, whereM/h* is the
set of all equivalence classes. The h* is called the commutative
fundamental equivalence relation.
Lemma 3.6. Let (M, h, k) be an (m, n)-hypermodule over an
(m, n)-hyperring R. Then, for every p 2 N, we have hp ˝ hp+1.
172 S.M. Anvariyeh et al.Proof. Let xhpy. Then, there exists p 2 N, and u1, . . ., ur, where
r= p(m  1) + 1, such that x 2 hðpÞ ur1
 
and y 2 hðpÞðu0rð1ÞrðrÞ Þ.
By reproducibility of h, there exist v1, . . ., vm, such that
u1 ˝ h(v1, . . ., vm). If r(t) = 1, then
x 2 hðpÞður1Þ ¼ hðpÞðu1 . . . ; urÞ# hðpÞðhðv1; . . . ; vmÞ; u2; . . . urÞ
¼ hðpþ1Þðvp1; ur2Þ;
y 2 hðpÞ u0rð1ÞrðrÞ
 
¼hðpÞ u0rð1Þ . . . ; u0rðt1Þ; u0rðtÞ; u0rðtþ1Þ; . . . ; u0rðrÞ
 
# hðpÞðu0rð1Þ . . . ; u0rðt1Þ; hðv1; . . . ; vmÞ;
u0rðtþ1Þ; . . . ; u
0
rðrÞÞ ¼ hðpþ1Þðu0rð1Þ . . . ; u0rðt1Þ;
v1; . . . ; vm; u
0
rðtþ1Þ; . . . ; u
0
rðrÞÞ:
This means that xhp+1y. h
Corollary 3.7. Let (M, h, k) be an (m, n)-hypermodule over an
(m, n)-hyperring R. Then, for every p 2 N, we have hp# hpþ1.
Theorem 3.8. The fundamental relation h* is the transitive clo-
sure of the relation h, i.e., ðh ¼ h^Þ.
Proof. Similar to the proof of Theorem 2.10 of [3], we know
that the quotient M=h^ is an m-ary group, where h=h^ is deﬁned
in the usual manner
h=h^ðh^ðx1Þ; . . . ; h^ðxmÞÞ ¼ fh^ðyÞjy 2 hðh^ðx1Þ; . . . ; h^ðxmÞÞg
for all x1, . . ., xm 2M.
Now, we prove that M=h^ is an (m, n)-module over an (m,
n)-hyperring R. The scalar n-ary hyperoperation k=h^ in M=h^ is
deﬁned in the usual manner:
k=h^ðr1; . . . ; rn1; h^ðxÞÞ ¼ fh^ðyÞjy 2 kðr1; . . . ; rn1; xÞg;
for all r1, . . ., rn1 2 H and x 2M. Suppose a 2 h^ðxÞ. Then, we
have ah^x, if there exist x1, . . ., xm with x1 = a, . . ., xm = x such
that {xi, xi+1} ˝ h(i). So every element z 2 k(r1, . . ., rn1, xi) is
equivalent to every element to k(r1, . . ., rn1, xi+1). Therefore,
k/h*(r1, . . ., rn1, h
*(x)) is a singleton. So, we can write k/h*(r1,
. . ., rn1, h
*(x)) = h*(y) for all y 2 k(r1, . . ., rn1, h*(x)).
Moreover, since k has n-ary hypermodule scalar properties,
consequently, k=h^ has (m, n)-hypermodule scalar properties.
Now, let h be an equivalence relation onM such thatM/h is
(m, n)-hypermodule over an (m, n)-hyperring R. Then, for all
x1, . . ., xm 2M, we have h/h(h(x1), . . ., h(xm)) = h(y) for all
y 2 h(h(x1), . . ., h(xm)). Also k/h(r1, . . ., rn1, h(x)) = h(z), for
all z 2 k(r1, . . ., rn1, h(x)). But also, for every x1, . . ., xm,
x 2M, r1, . . ., rn1 2 R, Ai ˝ h(xi),(i= 1, . . ., m) and A ˝ h(x),
we have
h=hðhðx1Þ; . . . ; hðxmÞÞ ¼ hðhðx1; . . . ; xmÞÞ ¼ hðhðA1; . . . ;AmÞÞ
and
k=hðr1; . . . ; rn1; hðxÞÞ ¼ hðkðr1; . . . ; rn1; xÞÞ
¼ hðkðr1; . . . ; rn1;AÞÞ:
Therefore, h(a) = h(u(i)) for all iP 0 and for all a 2 hu or k. So
for every a 2M, x 2 h(a) which implies x 2 h(a). But h is tran-
sitively closed, so we obtain x 2 h*(a) which implies x 2 h(a).
Hence, the relation h* is the smallest equivalence relation onM such that M/h* is an (m, n)-hypermodule over an (m, n)-
hyperring R. h
Theorem 3.9. Let (M, h, k) be an (m, n)-hypermodule over (m,
n)-hyperring (R, f, g). Then, (M/h*, h/h*, k/h*) is a commuta-
tive (m, n)-module on a commutative (m, n)-ring (R/a*, f/a*, g/
a*).
Proof. By Theorem 3.2, h* is a strongly compatible relation on
M, and similar to the proof of Theorem 4.1 of [3], (M/h*, h/h*)
is an m-ary group. Also, by Theorem 2.11, R/a*, (f/a*, g/a*) is a
commutative (m, n)-ring. Now, let r1, . . ., rn1 2 R, x 2M and
deﬁne kh ðaðr1Þ; . . . ; aðrn1Þ; hðxÞÞ :¼ kðaðr1Þ; . . . ; aðrn1Þ;
hðxÞÞ. If x 2 ha(u1, . . ., ur) and ri 2 fki u01; . . . ; u0s
 
. Then,
kðaðr1Þ . . . ; aðrn1Þ; hðxÞÞ# kðfk1 ; . . . ; fkn1 ; haðu1; . . . ; urÞÞ
¼ haðkðfk1 ; . . . ; fkn1 ; u1Þ; . . . ; kðfk1 ; . . . ; fkn1 ; urÞÞ:
So, for every r01a
r1; . . . :r0n1a
rn1 and yh
*x, we have
k a r01
 
. . . ; a r0n1
 
; hðyÞ # haðkðfk1 ; . . . ; fkn1 ; u1Þ; . . . ;
kðfk1 ; . . . ; fkn1 ; urÞÞ.
Since M is an (m, n)-hypermodule on (m, n)-hyperring R,
the properties of M as an (m, n)-hypermodule guarantee that
the m-ary group M/h* is an (m, n)  ary R/a*-module. hAcknowledgement
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